Abstract: Nonlinear optical properties of a series of newly-synthesized ladder-type chromophores containing oligo-p-phenylene moiety with different π-conjugated lengths were theoretically studied by numerically solving the rate equations and the field intensity equation with an iterative predictor-corrector finite-difference time-domain technique. Ab initio calculation results show that the compounds can be described by the three-level model. Based on the two-photon absorption mechanism, highly efficient optical limiting performances are demonstrated in the chromophores, which strongly depend on the π-conjugated length of the molecule. Special attention has been paid to the dynamical two-photon absorption, indicating that the parameter of the medium can affect the dynamical two-photon absorption cross section. Our numerical results agree well with the experimental measurements. It reveals that the increase in the π-conjugated length of ladder-type oligo-p-phenylene for these chromophores leads to enhanced nonlinear optical absorption. The results also provide a method to modulate the optical limiting and dynamical two-photon absorption of the compounds by changing the molecular density and thickness of the absorber.
Introduction
In the modern laser technology, the protection of delicate sensors and human eyes from damage of intense laser radiation is in strong demand [1] [2] [3] . Under this context, devices with optical limiting (OL) abilities have attracted extensive attentions [4, 5] . An excellent optical limiter shows high intensity transmission for relatively weak incident lasers, while it is opaque to intense lasers [6, 7] . Such materials usually behave like a shutter responding on an ultrafast timescale. There are several mechanisms that can be used to achieve OL, among which two-photon absorption (TPA) is one of the most effective [8, 9] . Thus, looking for optical limiters with strong TPA is a hot research topic in the field of optics [10, 11] .
During the last decade, a number of organic chromophores have been experimentally synthesized and theoretically designed as two-photon active materials that can be used as efficient optical limiters [12] [13] [14] . Due to the unique planer and rigid π-conjugation structure, fluorene-based chromophores are demonstrated to be excellent candidates for two-photon absorption and optical limiting devices [15] [16] [17] . Furthermore, ladder-type oligo-p-phenylene, which consists of several "linearly overlapping" fluorenes may act as a good building block of two-photon absorber or optical limiter due to its enhanced π-conjugation. However, most investigations on ladder-type oligo-p-phenylene are limited to its emission properties, which hinders its potential applications in the field of nonlinear optical absorption [18] [19] [20] [21] . Recently, Zheng et al. reported the optical properties of a series of ladder-type oligo-p-phenylene-contained chromophores with various π-conjugation lengths (Mol-1, Mol-2, Mol-3, and , showing that an increase in the π-conjugation length of these compounds leads to an enhancement in OL performance and an increase in the TPA cross section [22] . Even though the compounds exhibit prominent prospects as promising optical limiters experimentally, theoretical understanding on the mechanism of the TPA-based OL of the compounds are still rarely explored. Moreover, systematic theoretical investigations on the conjugation length effect on nonlinear optical properties for the given materials are insufficient. Moreover, molecular optical properties depend strongly on the interaction between the laser and the medium [23, 24] , while the dependence of parameters of pulse and the absorber on the OL performances of these compounds has not been discussed to date.
In this paper, ab initio calculations are firstly employed to simplify the compounds with a few energy levels. We then consider the interaction between laser and molecules by numerically solving the field intensity equation together with rate equations in a nanosecond time domain with the iterative predictor-corrector finite-difference time-domain (FDTD) method [25] . The propagation process of the laser in the medium and the OL behaviors of these compounds are investigated, and the dynamical TPA cross sections of these compounds are obtained. Both the conjugation length effect on the TPA-based optical limiting performance of these compounds and the dependence of the parameters of the absorber on the dynamical TPA cross sections are analyzed. The research results provide guidance for designing more excellent optical limiters.
Theoretical Methods and Computational Details

Ab Initio Calculations
Structures of the studied molecules are shown in Figure 1a . It can be seen that Mol-1, Mol-2, Mol-3, and Mol-4 are all π-conjugation symmetrical molecules. Ab initio calculations of these molecules, including geometry optimization and electronic structure calculations, are based on the time-dependent hybrid density functional theory (TDDFT)/Becke's three-parametrized Lee-Yang-Parr (B3LYP) exchange functional level with the basis set of 6-31G(d) in the Dalton2013 program [26] . The calculated excitation energy, the corresponding wavelength, the oscillator strength, and the dipole moment of the first five excited states of Mol-1, Mol-2, Mol-3, and Mol-4 in gas phase are listed in Table 1 . The results indicate that the first excited states of these chromophores have the maximum oscillator strength (δ op ), and the dipole moments (µ 1n ) between the first excited states and the second excited states are the largest. Thus, when the interaction between laser and the molecule is dealt with, the molecules can be well described by a three-level model (as shown in Figure 2 ) in the low energy region, where S 0 , S 1 , and S 2 are respectively the ground, first excited, and second excited states. The excitation energies of the S 1 and S 2 states are E 10 = 2.51 eV and E 20 = 2.83 eV for Mol-1, E 10 = 2.53 eV and E 20 = 2.83 eV for Mol-2, E 10 = 2.53 eV and E 20 = 2.81 eV for Mol-3, and E 10 = 2.55 eV and E 20 = 2.81 eV for Mol-4, respectively. It should be noted that, in the experiment, the linear absorption peaks of the compounds in different solvents are in the range of 420-450 nm. In comparison with the experimental values, our calculated results (486-494 nm) are much larger. This quantitative discrepancy may results from the fact that our ab initio calculation is based on the electronic structure of a single molecule in gas phase. Thus, the vibrational contribution, the interaction between molecules, and the solvent effect are not considered. The transition dipole moments among the states are µ 01 = 7.54 a.u. and µ 12 = 14.38 a.u. for Mol-1, µ 01 = 8.12 a.u. and µ 12 = 15.97 a.u. for Mol-2, µ 01 = 8.46 a.u. and µ 12 = 15.49 a.u. for Mol-3, and µ 01 = 9.03 a.u. and µ 12 = 15.63 a.u. for Mol-4, respectively. The one-photon transition between S 0 and S 2 is nearly dipole forbidden. Moreover, due to the molecular inversion symmetry property, the permanent dipole moments of these states are nearly equal to 0. for Mol-4, respectively. The one-photon transition between S0 and S2 is nearly dipole forbidden. Moreover, due to the molecular inversion symmetry property, the permanent dipole moments of these states are nearly equal to 0. 
Rate Equations for a Three-Level System
Under the consideration of relaxation effect, the density matrix equation that describes the population of a certain energy level can be written as
where Γmn is the decay rate of ρnn, γmn is the decay rate of ρmn. Based on the rotating wave approximation (RWA) and the adiabatic approximation ρ'mn(t) = 0, the density matrix equation for a three-level system (including states S0, S1 and S2) can be reduced to the following rate equations:
where ρSn represents the population of the state Sn, and ΓSn is the decay rate of the state Sn. γSmSn is the one-photon transition rate between the states Sm and Sn, which can be expressed by the corresponding one-photon absorption (OPA) cross sections σSmSn and the dipole moments dSmSn under RWA:
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where ΩSmSn donates the detuning of light frequency ω from the resonant frequency ωSmSn between the Sm state and the Sn state. I(t) = cε0|F(t)| 2 /2 is the instantaneous intensity of the field, F(t) is the peak amplitude of the input electric field, and Γ is the homogeneous broadening of the spectral line. In 
Rate Equations for a Three-Level System
where Γ mn is the decay rate of ρ nn , γ mn is the decay rate of ρ mn . Based on the rotating wave approximation (RWA) and the adiabatic approximation ρ' mn (t) = 0, the density matrix equation for a three-level system (including states S 0 , S 1 and S 2 ) can be reduced to the following rate equations:
where ρ Sn represents the population of the state S n , and Γ Sn is the decay rate of the state S n . γ SmSn is the one-photon transition rate between the states S m and S n , which can be expressed by the corresponding one-photon absorption (OPA) cross sections σ SmSn and the dipole moments d SmSn under RWA:
where Ω SmSn donates the detuning of light frequency ω from the resonant frequency ω SmSn between the S m state and the S n state. I(t) = cε 0 |F(t)| 2 /2 is the instantaneous intensity of the field, F(t) is the peak amplitude of the input electric field, and Γ is the homogeneous broadening of the spectral line. In this work,hΓ mn =hΓ = 0.1 eV is chosen for all transitions [27] . The two-photon transition rate γ S 0 S 2 is similarly defined as
where σ S 0 S 2 denotes the TPA cross section. It should be noted that the total populations of energy levels are normalized to one:
Field Intensity Equation
In the case of the nanosecond pulse propagating along the z axis through a three-level system, where the role of self-focusing and defocusing is small, one can ignore the change in refraction and transverse of the field. The absorption of the field can thus be described by the field intensity equation:
where the total OPA cross section σ (1) and TPA cross section σ (2) are given by
Dynamical TPA Cross Section
Assume that the TPA coefficient depends strongly on the input intensity I 0 [28] , namely,
where β 0 is the inherent TPA coefficient that relates only with the molecule itself, and ξ is a constant related with the materials. The inverse intensity transmission 1/T(z) is a quadratic function of the initial input field intensity I 0 :
The absorption coefficients can be determined by mathematically fitting Equation (9) using Origin software. Finally, one can obtain the dynamical TPA cross section σ tp by
where hv is the incident photon energy, and N is the molecular density of the medium.
Computational Details
The molecule is assumed to be in its ground state S 0 before the excitation laser pulse is switched on, namely, ρ 00 (t = 0) = 1 and ρ 11 (t = 0) = ρ 22 (t = 0) = 0. The decay rates of the density matrix elements γ nm are chosen as 1.0 × 10 13 s −1 , while the decay rates of excited states Γ 01 , Γ 12 , and Γ 02 are assumed to be equal to 1.0 × 10 9 s −1 , 1.0 × 10 12 s −1 and 0, respectively [27] .
The incident laser pulse is modeled with a hyperbolic secant shape:
where the initial phase is assumed to be 0, and F 0 is the peak amplitude of the input electric field.
The full width at half maximum (FWHM) of the intensity profile of the pulse τ = 5 ns, unless otherwise stated. The choice of z 0 ensures that the pulse penetrates negligibly into the medium at t = 0. In order to demonstrate the TPA-based OL behavior, we take the frequency of the incident pulse as TPA resonant frequency between the S 0 and S 2 states, namely, ω = ω S 0 S 2 /2. The wavelength of excitation laser pulse are 876 nm for Mol-1 and Mol-2, 882 nm for Mol-3 and Mol-4, respectively. Under this condition, the molecules in the ground state S 0 can absorb two photons to reach the state S 2 , namely, one-step resonant TPA occur (see Figure 2a) . To perform the numerical simulations, the molecular density of these compounds are extracted from the experiments with N = 3 × 10 24 m −3 [19] , unless otherwise stated.
Results and Discussion
Temporal Evolution of the Pulse
To gain insight into the pulse propagation properties, Mol-1 and Mol-4 were selected as the samples to study the temporal evolution of the pulse envelope at different propagation distances (z = 0.012, 0.12, 0.24, 0.36 mm) and the dynamics of the populations of different energy levels at the propagation distance of 0.12 mm. The initial peak intensity I 0 and the FWHM of the pulse intensity profile are set to be 1 × 10 11 W/m 2 and 5 ns, respectively. The molecular density of these compounds are 3 × 10 24 m −3 . As shown in Figure 3a ,b, the pulse intensities decrease rapidly during propagation due to the energy transfer from the field to the medium through the interaction between them. Moreover, the pulse intensity in Mol-4 is much smaller than that in Mol-1 at the same propagation distance, which can be attributed to the length of the π-conjugated. Figure 3c ,d demonstrate the dynamics of the different energy level populations at the propagation distance of 0.12 mm for Mol-1 and Mol-4. It shows that the particles are mainly populated on the state S 1 , while the state S 2 is slightly populated. This is because, in nanosecond pulse regime, the populations on the S 2 state will decay rapidly back to the S 1 state due to the short lifetime (picosecond) of the S 2 state. As a result, the change in populations on the state S 2 is not obvious.
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Temporal Evolution of the Pulse
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Optical Limiting
In order to explore the mechanism by which the OL effect is achieved, the normalized transmission of pulse intensity versus the input fluence for these chromophores is plotted out in Figure 4a . The pulse width and the molecular density are the same as those in Section 3.1. This shows that transmission of the compounds decreases remarkably with the increase in input intensity, which is consistent with the experimental findings [22] . Upon excitation, molecules in the ground state S 0 are excited to the S 2 state by absorbing two photons; thus, the output intensity of the pulse will be strongly attenuated, leading to decreased transmission. Interestingly, compounds with an increased π-conjugated length has lower transmission owing to the enhanced TPA ability. These results show that all compounds exhibit outstanding nonlinear absorption properties. In addition, one can expect that compounds with a longer π-conjugated length possesses preferable OL performance.
results show that all compounds exhibit outstanding nonlinear absorption properties. In addition, one can expect that compounds with a longer π-conjugated length possesses preferable OL performance.
So as to visualize the OL performance of the compounds, output fluence of the field as a function of the input fluence at the propagation distance of 0.36 mm is presented in Figure 4b . The OL behaviors of all chromophores are clearly demonstrated as expected, which shows a good agreement with experimental measurement [22] . Taking Mol-4 as an example, when the input fluence increased from 0 to 50 mJ/cm 2 , the output fluence changed from 0 to 3.3 mJ/cm 2 , achieving excellent OL performance. Thus, the compound can be used as a promising optical limiter candidate. Moreover, it is obvious that the molecule with a longer π-conjugated length shows stronger OL behavior. Namely, OL abilities of these chromophores decrease in the order of Mol-4 > Mol-3 > Mol-2 > Mol-1. The above results demonstrate that favourable OL performance can be achieved in this series of ladder-type tetraphenylene-cored chromophores, which is influenced by the π-conjugated length of the molecule. It is interesting to explore the factors that affect the OL performance of a compound. In this section, Mol-4 is selected as the sample due to its outstanding optical limiting property according to our above investigations (see Figure 4b) . In Figure 5a , the influence of sample thickness on molecular OL performance is shown with a fixed molecular density of N = 3 × 10 24 m −3 and a pulse width of 5 ns. It is obvious that the larger the thickness, the better the OL performance. The main mechanism is that, during pulse propagation, energy transfers from field to medium through the interaction between the field and the medium; thus, OL performance is enhanced as the propagation distance increases. Figure 5b displays the OL performances of Mol-4 with different molecular densities (N = 1 × 10 24 , 3 × 10 24 , 3 × 10 25 m −3 ) at a distance of z = 0.36 mm with a fixed pulse width of 5 ns. Intuitively, a larger concentration results in stronger optical limiting behavior at the same distance since more particles can participate in the interaction between the medium and field. The above results indicate that increasing both the length and the concentration of the absorber will cause the interaction So as to visualize the OL performance of the compounds, output fluence of the field as a function of the input fluence at the propagation distance of 0.36 mm is presented in Figure 4b . The OL behaviors of all chromophores are clearly demonstrated as expected, which shows a good agreement with experimental measurement [22] . Taking Mol-4 as an example, when the input fluence increased from 0 to 50 mJ/cm 2 , the output fluence changed from 0 to 3.3 mJ/cm 2 , achieving excellent OL performance. Thus, the compound can be used as a promising optical limiter candidate. Moreover, it is obvious that the molecule with a longer π-conjugated length shows stronger OL behavior. Namely, OL abilities of these chromophores decrease in the order of Mol-4 > Mol-3 > Mol-2 > Mol-1. The above results demonstrate that favourable OL performance can be achieved in this series of ladder-type tetraphenylene-cored chromophores, which is influenced by the π-conjugated length of the molecule.
It is interesting to explore the factors that affect the OL performance of a compound. In this section, Mol-4 is selected as the sample due to its outstanding optical limiting property according to our above investigations (see Figure 4b) . In Figure 5a , the influence of sample thickness on molecular OL performance is shown with a fixed molecular density of N = 3 × 10 24 m −3 and a pulse width of 5 ns. It is obvious that the larger the thickness, the better the OL performance. The main mechanism is that, during pulse propagation, energy transfers from field to medium through the interaction between the field and the medium; thus, OL performance is enhanced as the propagation distance increases. Figure 5b displays the OL performances of Mol-4 with different molecular densities (N = 1 × 10 24 , 3 × 10 24 , 3 × 10 25 m −3 ) at a distance of z = 0.36 mm with a fixed pulse width of 5 ns. Intuitively, a larger concentration results in stronger optical limiting behavior at the same distance since more particles can participate in the interaction between the medium and field. The above results indicate that increasing both the length and the concentration of the absorber will cause the interaction between the field and the medium to become stronger and thus result in enhanced OL performance of the medium.
On the basis of the results that parameters of the medium can influence the OL performance of the compounds, we explored whether the parameter of the laser pulse could affect the nonlinear optical properties of the medium. To elucidate the effect of pulse duration on OL behavior, the output fluence versus input fluence curves with different pulse widths (τ = 5, 10, 15 ns) at the same propagation distance of 0.36 mm is shown in Figure 5c . In comparison with shorter pulses, longer pulses induce stronger OL performance. By the mechanism of the TPA process, when the medium interacts with a pulse with a wider duration, the interaction between the molecule and the laser pulse stays longer, and populations in state S 0 have larger probabilities of being excited to state S 2 . As a result, longer pulses obtain OL enhancement. between the field and the medium to become stronger and thus result in enhanced OL performance of the medium. On the basis of the results that parameters of the medium can influence the OL performance of the compounds, we explored whether the parameter of the laser pulse could affect the nonlinear optical properties of the medium. To elucidate the effect of pulse duration on OL behavior, the output fluence versus input fluence curves with different pulse widths (τ = 5, 10, 15 ns) at the same propagation distance of 0.36 mm is shown in Figure 5c . In comparison with shorter pulses, longer pulses induce stronger OL performance. By the mechanism of the TPA process, when the medium interacts with a pulse with a wider duration, the interaction between the molecule and the laser pulse stays longer, and populations in state S0 have larger probabilities of being excited to state S2. As a result, longer pulses obtain OL enhancement. From the above numerical results, it is noted that one can modulate the optical limiting property of the absorbor by changing either the parameters of the media, such as the thickness and the concentration, or the parameter of the laser pulse, such as the pulse width. These conclusions are consisitent with previous studies where 4,4′-bis(diphenylamino) stilbene and 4,4′-bis(dimethylamino) stilbene were used as optical limiting materials [29, 30] .
Dynamical TPA Cross Section
By fitting the input-output peak intensity curves within the optical limiting region of the compounds, we further obtain OPA coefficient α, TPA coefficient β, and TPA cross section σtp at different propagation distances for Mol-1, Mol-2, Mol-3, and Mol-4 with a pulse width of 5 ns and a molecular density of 3 × 10 24 m −3 . The corresponding values are collected in Table 2 From the above numerical results, it is noted that one can modulate the optical limiting property of the absorbor by changing either the parameters of the media, such as the thickness and the concentration, or the parameter of the laser pulse, such as the pulse width. These conclusions are consisitent with previous studies where 4,4 -bis(diphenylamino) stilbene and 4,4 -bis(dimethylamino) stilbene were used as optical limiting materials [29, 30] .
By fitting the input-output peak intensity curves within the optical limiting region of the compounds, we further obtain OPA coefficient α, TPA coefficient β, and TPA cross section σ tp at different propagation distances for Mol-1, Mol-2, Mol-3, and Mol-4 with a pulse width of 5 ns and a molecular density of 3 × 10 24 m −3 . The corresponding values are collected in Table 2 . The dynamical TPA coefficients are obtained as 3.64 × 10 −8 m/W, 4.01 × 10 −8 m/W, 4.12 × 10 −8 m/W, and 5.09 × 10 −8 m/W for Mol-1, Mol-2, Mol-3, and Mol-4, respectively, for a propagation distance of 0.36 mm and a pulse duration of 5 ns. The corresponding dynamical values of the TPA cross sections are 2.75 × 10 7 GM, 3.07 × 10 7 GM, 3.10 × 10 7 GM, and 3.85 × 10 7 GM for Mol-1, Mol-2, Mol-3, and Mol-4, respectively, showing an enhanced TPA cross section for the compound with a longer π-conjugated length. Our calculations further validate the fact that a longer π-conjugated length induces a larger TPA cross section, even though this universal rule has been testified with respect to different molecules both from experimental observations and theoretical simulations [31, 32] . It is noted that the theoretical results for different molecules show the same trends as the experimental measurement [22] , but the calculated values are of several orders of magnitude larger than the experimental values. The discrepancy between the simulation and experiment may mainly result from the off-resonant condition in measurement, while our simulation is on the resonant TPA case. Moreover, the experiment was performed using a laser pulse with a 160 fs duration, while, in our calculations, laser pulses in the nanosecond time domain were employed. Table 2 . OPA coefficient α (10 3 /m), TPA coefficient β (10 −8 m/W), and TPA cross section σ tp (10 7 GM) (1 GM = 1 × 10 −50 cm 4 s/photon) at different propagation distances of z (mm) for Mol-1, Mol-2, Mol-3, and Mol-4 with a pulse width of τ = 5 ns and the molecular density of N = 3 × 10 24 m −3 .
Mol.
Mol Taking the propagation into consideration, dynamical TPA cross sections of Mol-4 where pulse width τ = 5 ns are 3.57 × 10 7 GM, 3.77 × 10 7 GM, and 3.85 × 10 7 GM for the propagation distance of 0.12 mm, 0.24 mm, and 0.36 mm, respectively. It is evident that a dynamical TPA cross section depends crucially on the thickness of the medium, which is remarkably consistent with previous studies [24, 33, 34] . Thus, one should consider this factor when one compares TPA cross sections in different measurements.
Conclusions
The dynamical processes of nanosecond laser pulses propagated in the newly-synthesized ladder-type chromophores containing oligo-p-phenylene moiety were simulated, and the TPA-based OL performances of these compounds were theoretically studied. The results show that all of the studied compounds exhibit strong nonlinear optical properties, indicating them as promising candidates for optical limiters. Moreover, the increase in the π-conjugated length of this series of compounds results in remarkable OL performance and an enhanced dynamical TPA cross section. Our results agree well with other experimental measurements. Most importantly, the factors that can influence the OL performance of the molecules were investigated, and it was found that the thickness and concentration of the absorber as well as the pulse duration play key roles in the OL performance of these molecules. It is suggested that the nonlinear optical absorption enhancement can be achieved by modulating the parameters of the absorber.
